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This second simulation study forces the spacecraft orientation to
track a desired trajectory that is generated via the desired dynamics
of Egs. (6) and (7) utilizing w, (¢) as input. We select w,(?) to be a
soft start trajectory in the following manner:

‘:’(l(t) =
{0 [1— exp(—0.01£2)]sin(0.5t) [1 — exp(—0.01¢%)]cos(0.5¢)}"
(57)

The initial conditions for the desired and actual attitude of the space-
craft were selected as

q0(0) = qo,(0) =+0.1
90 =q,0=[0 V045 V045] (58)

such that the unit quaternion constraint is satisfied. The initial
value for w,(f) was chosen to be 0 rad~'. We notice here that
@41 (t) = w; (0) = 0. The auxiliary signal z;(¢) was initialized to be
[1.01 0]”. The control gains that resulted in the best tracking per-
formance are

k, =10.0 k, = 0.5

]/0210 ]/1201

g =0.01 k; =20.0 k, = 20.0 (59)
The torques were saturated to remain =10 N - m. From Fig. 5, we
can see that the spacecraftorientationtracks the desired trajectory to
a UUB neighborhood. From Fig. 6, the torques remain bounded for
all times. Note that the UUB neighborhood can always be reduced

by selecting €, to be a smaller value.

Conclusions

In this Note, we have presented a nonlinear controller for the
attitude tracking problem for a rigid underactuated spacecraft. For
the reduced-order problem, that is, the spacecraft dynamics are ne-
glected, the controllerachieved uniformly ultimately boundedtrack-
ing providedtheinitial trackingerrors are selected sufficiently small.
Simulation results for the controller demonstrated the efficacy of
the proposed strategy in achieving tracking for the underactuated
spacecraft.
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Method of Unsteady Aerodynamic
Forces Approximation for
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Introduction

HE adverse interactions occurring between the three main dis-

ciplines unsteady aerodynamics, aeroelasticity, and servocon-
trols are called aeroservoelasticinteractions. These interactions can
be described mathematically by a system of equations in a state-
space form. This system requires a different representation for the
unsteady aerodynamic forces from that for the classicalflutter equa-
tion. The unsteady aerodynamic forces, in the case of the classical
flutter equationor aeroelasticity,are calculated by the doubletlattice
method (DLM) in the frequency domain for a set of reduced fre-
quenciesk and Mach numbers M. Because time-domain linear time-
invariantordinary differential equations (LTI ODE) are required for
using modern control theory design, several approximations for the
unsteady aerodynamicforces in the s domain have been developed.
There are mainly three formulations to approximate the unsteady
generalized forces by rational functions in the Laplace domain in
the frequency domain'~*: least square (LS), modified matrix Padé,
and minimum state (MS). The approximation yielding the smallest
order time-domain LTI state-spacemodel is the MS (Ref. 5) approx-
imation method. The dimension of the time-domain LTI state-space
model depends on the number of retained modes and the number
of aerodynamic lags n,. There is a tradeoff between the number of
aerodynamiclags and the accuracy of the approximation.The higher
the n,, the better the approximation,but the order of the time-domain
LTI state-space model is larger. The order of the LTI state-space
model strongly affects the efficiency of subsequentanalyses. In the
present Note a new method for the determination of efficient state-
space aeroservoelasticmodels is presented. This method combines
results from the theory of Padé approximants and the theory of
model reduction developed in the frame of control theory. Finally,
a comparison between the new method and the MS method is pre-
sented. The error of our method is 12-40 times smaller than the
error of the MS approximationmethod for the same number of aug-
mented states n, and depends on the choice of the model reduction
method.

Aircraft Equations of Motion

The motion of an aircraft modeled as a flexible structure with no
forcing terms is described by the following equations, written in the
time-domain:

Mij + € + Kn + qaynQ(k)n = 0 (1)

Here n is the generalized variable defined as ¢ =®n, where ¢
is the displacement vector and @ is the matrix formed with the
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eigenvectorsof the free-vibration problem Mg + Kq = 0. Moreover
M=®"M®, C=0"C0, K=®"K® and Qk)=D"A,.(k)D,
where M, K, and C are the generalized mass, the elastic stiffness,
and the damping matrices; gayn =0.50V? is the dynamic pressure,
where p is the air density; V is the true airspeed; k = wb/V is the
reduced frequency; w is the natural frequency; b is the wing semi-
chord length; A, (k) is the aerodynamic influence coefficient matrix
for a given Mach number M and asetofk € {k, ks, ..., k,} values.
Applying the Laplace transform to Eq. (1), we obtain

[Ms® + Cs + K1n(s) + qayn Q(s)n(s) =0 )

The approximation of the unsteady aerodynamic forces is a nec-
essary prerequisite to the control analysis of the subsequent aero-
elastic system. Because Q(k) can only be tabulated for a finite set
of reduced frequencies, at a fixed Mach number M, it must be in-
terpolated in the s domain in order to obtain Q(s). Assuming ana-
Iyticity of Q over the region of interest, one could find the Laurent
seriesfor@(s) = Y_ c;s'. This approachis not desirable from a con-
trol point of view because it introduces derivatives of order greater
than two. Because we expect the linear aeroelastic system to be-
have as a bounded-input bounded-output (BIBO) system, it would
seem obvious to find a rational fraction approximation for Q(s).
The method giving the lowest aerodynamic dimension is the MS
approximatior’:

OMS(s) =Ag +A;s +A,s>+D(I—R)'E 3)

In the last term of the preceding equation, the denominator coef-
ficients are the same as the ones considered in the LS method, and
the numerator are calculated as a coupled product of D and E matri-
ces. The diagonal matrix of aerodynamicroots is R =diag(b,, b,),
where the b; are the lags that are usually chosen to belong in the
range between zero and the highest frequency of vibration.

For a given set of lags b,,, the MS numerator coefficient matrices
D and E are determined using an iterative, nonlinear LS methods
that minimizes an overall error function Jyg (Ref. 1).

The iterative technique assumes an initial D and calculates E in
order to calculate a new D matrix using LS methods. This itera-
tive technique’ continues until coefficient matrices are found with
a converged minimum error.

Rational Function Approximation Method

In this section we present a new method for approximating the
unsteady aerodynamic forces. Let us denote by Qf*® the matrix
formed with the tabulated value of the element Q;(ik;), where i
denotes the pure imaginary number and k; belongs to the set of
reduced frequencies for which the DLM method is available. We
approximate each element of the unsteady aerodynamic influence
matrixbya[N;; + 2, N;;] Padé approximation,where ;; is a natural
number depending on the element to be approximated and chosen
in such way that we have a good accuracy for the approximation.
Denoting by s the Laplace variable, we have

Pyia(s) aps P Fa sVt o fay i,
Ry (s) B bosN + by sN-1 4 ... + by

Qii(s) = 4)
where the indices ij for the coefficients of the polynomials Py »
and Ry have been omitted. For details on Padé approximants, see
Ref. 6.

Because the aeroelasticsystem should be a BIBO system, we will
impose that the coefficients of the denominator satisfy the Routh-
Hurwitz criterion. The coefficients of the Padé approximants are
found by using a standard LS technique and by minimizing the
following error function:

1
)= (2 o™, ¢, amr) ©

p=1

=

for each couple (i, j). Here | - | denotes the modulus of a complex
number. Once the coefficients of Py, , and Ry are determined, it
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is a simple matter to write the aerodynamic approximation Q as
follows:

Q(s) =Ag+A s +Ays*+Z(s)s ©6)

where Z(s) is a proper rational matrix. Indeed, each element of Q;;
is the ratio of a polynomial of degree N +2 and a polynomial of
degree N. For an arbitrary fixed couple of indices (i, j), let us find
O ij, O1ij, O i, and Co,ijs Cl,ijs «++s CN —1,ij such that for all s we
will write Eq. (6) [for each couple (7, j)], as follows:

apsN T2+ tay o

bosV 4 - + by

0ii(s) = =ays’ + o5 + oy
cosV M4+t ey
s
boSN +bISN71 ++bN
We have dropped the indices ij in order to simplify the notation. By
identification we obtain the following linear system:

1 0 0 o o0 --- 0 o ag
by 1 0 0 0 0 o a
b, by 1 1 0 0 @ a;
by b, b, 0 1 0 o _ as
by, by b, 0 0 0 ¢ a,
0 by by, 0 0 --- 1 CnN_2 ay +1
0o o0 by o o --- 0 CN—1 ay 42

From the first, the second,and the lastequation, we obtain (¢; )
By backsubstitutionthe values of (¢;), _g7—T are found.

It is easy to see that the determinant of the preceding system is
by, and by is different from zero because it equals the product of
the roots of Ry (s), which have strictly negative real parts. _

For every couple (i, j), we define [A,];; =a,_ ,,;; with p=0, 2
and

i=03

N-1 N-2
CoijS + CijS +r Oy

boijsN +by sVl + -+ by

Zij(s) = 7

With these new definitions we find Q(s) by Eq. (6).

Z(s) is a strictly proper rational matrix and therefore can be
viewed as the transfer function of a linear system. We wish to find
atriple (A, B, C) such that we have Z(s) ~ C(sI —A)~'B. This can
be achieved either by constructing a minimal-order realization (de-
noted by Minreal) or by constructing a reduced model starting from
a known realization (for example, the canonical or the modal re-
alization). The first approach gives an equality sign, whereas the
second approach can be viewed as an approximation in a chosen
norm.

A model-order reduction can be described as follows; Starting
with a full-order model Z(s), find a lower-order model Z(s) such
that Z and Z are close (where the closeness is to be defined). This
can be achieved either by an additive model-orderreduction or by a
relative-multiplicativemodel-order reduction. The additive model-
order reduction consistsin finding Z such that Z =Z 4 A,q4, where
Agqq 18 small in some norm.

The relative-multiplicativemodel-order reduction comes to find-

ing ZsuchthatZ=Z(I 4+ A,y) andZ=Z(I + A,), where [ is the
identity and A, is small in some norm. The two additive methods
available in the MATLAB® Robust Toolbox used in this Note are
as follows: 1) Schur balanced model-order reduction (Schur) and
2) optimal Hankel approximation (Ohkapp).
The relative-multiplicativemethod is the balanced stochastic trun-
cation (Bst-Rem) with relative error model reduction. For details
concerning this methods, see the MATLAB documentation and the
references therein.

We can therefore proceed as follows:

1) By eliminatingall of the unobservableand uncontrollablestates
of the linear system whose transferfunctionis givenby Z(s), we con-
struct a minimal-order transfer equivalent realization, which gives
a perfect match, thatis, Z(s) =C(s] —A)™'B. _

2) Finding Z(s) = C(sI —A)™'B such that [|Z(s) — Z(s) || <&,
where ¢ >0 is a small tolerance and || - ||, is the H* norm,
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Table1 J and n, calculations by different reduction methods

Modes Minreal Schur Ohkapp Bst-Rem Error
N ng Jums ng Jums ng Jums ng Jms J

5 17 369 19 356 18 399 6 11.16 0.26
10 81 616 8 616 79 736 31 11.28 0.5l1
15 192 1040 187 1046 82 1646 37 2327 0.73
20 344 2345 337 2378 152 2416 69 38.19 1.07

we construct an optimal approximation of Z(s). If we denote by
O(s)=Ay+As +A,s>+ Z(s)s, then we have

10() = @™ llo <10(5) = Q) s« + 1Q(5) = Q™% 1,

<10(s) — Q™| + &

This shows that the additive model-order reduction Z(s) by Z(s)
only degrades the norm of the approximation by an order of ¢.
A similar inequality can be showed for the relative-multiplicative
model-orderreduction.

Numerical Results

Aflexibleaircraftwith 5, 10, 15, and 20 vibrationmodes has been
considered. The finite element model of the symmetric one-half of
an aircraftis used to verify this new optimizationtheory of unsteady
aerodynamic forces.” The DLM implemented in STARS’ was used
to obtain the tabulated unsteady aerodynamic matrices in the fre-
quency domain, for a given Mach number M =0.8 and a set of
14 reduced frequencies k € {0.01, 0.1, 0.2, 0.303, 0.4, 0.5, 0.5882,
0.6250,0.6667,0.7143,0.7692,0.8333,0.9091, 1.0000}. With these
tabulated data each element of the aerodynamic matrix is approxi-
mated by a Padé approximant. The global error of the approximation
of our method is reported in the last column of Table 1. Following
the procedure developed in the preceding section, we construct a
strictly properrational matrix from the matrix of Padé approximants
[Eq. (7)]. Consideringthe strictly properrational matrix as the trans-
fer function of a linear system, we construct a reduced-ordermodel
using different reduction methods from control theory.

Eliminating the unobservable and the uncontrollable states with
the help of the Minreal function of MATLAB, we obtain a minimal
realization of order n,, as shown in the second column in Table 1.
Following the results of the preceding section, we construct the
two additive reduced-order models, using the Schur and the Opti-
mal Hankel approximation method. The reduced-order model for
the latter two methods are reported in columns 4 and 6 of Table 1,
respectively. The eighth column represents the dimension of the
reduced system obtained using the balanced stochastic truncation
method. We can see that this last method gives the best results
in terms of aerodynamic dimension n, in comparison to the other
methods. The tolerance used in the calculation of the minimal re-
alization and the approximation of the reduced-order models was
chosen to be 107, The aerodynamic dimensions n, found by the
four methods are now used to perform the MS approximation of
the unsteady aerodynamic forces. This is done in order to compare
the errors of unsteady aerodynamic forces approximationfor a fixed
aerodynamicdimension n,. The errors for the MS method, denoted
by Jus for each method, are reported in columns 3, 5, 7, and 9 of
Table 1. It can be seen that the approximationerror calculatedby our
methodis 12-40 times smaller than the errors calculated by the MS
procedure.

Conclusions

The main contribution of this Note is an original method for the
approximationof the unsteady aerodynamic forces using recent re-
sults from linear system theory and Padé approximants. Starting
with a Padé approximation of the unsteady aerodynamic forces,
we constructa reduced-ordermodel for stability analysis purposes.
Contrary to the standard MS approximation, the error of the ap-
proximation is independent on the aerodynamic dimension of the
final aeroelastic system. Running the MS procedure with different
numbers of lags to geta good approximationcan take large amounts
of time because the procedureis highly iterative. Our method over-
comes the problem of choosing the number of lags (aerodynamic
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dimension) n, of the MS procedurebecause in our method the aero-
dynamic dimensionis a result not an initial parameter. Furthermore,
our method yields better approximation error.
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Composite Optimization Scheme
for Time-Optimal Control
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I. Introduction

LTHOUGH there are many techniquesused to solve optimiza-

tion problems, most of them can be categorizedas constrained
optimization methods. Constrained optimization involves the de-
velopment and minimization of a cost function subject to a set of
weighted constraints. These techniques are popular because they
are usually easy to set up and they can be solved with many stan-
dard computational packages. But without a quality initial guess for
the optimization routine, there might be no convergence or conver-
gence to an undesirable solution. Finding a quality initial guess can
be a difficult task in large systems of equations. A more systematic
approach to finding an initial guess can be found by using linear
programming. Linear programming can find the optimal solution
to a system of equations without an initial guess. Starting with ei-
ther linear or nonlinear equations, the problem is converted into a
linear discrete form whose solution approximates the solution of
the original problem. As the discrete intervals become smaller, the
result approachesthe continuous solution. The largest drawback of
the linear programming technique is the lengthy computation time.
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